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Abstract. For particles emerging from a second order QCD phase transition, we show that a 
recently introduced shape parameter of the Bose-Einstein correlation function, the Lévy index of 
stability equals to the correlation exponent - one of the critical exponents that characterize the 
behavior of the matter in the vicinity of the second order phase transition point. Hence the shape of 
the Bose-Einstein / HBT correlation functions, when measured as a function of bombarding energy 
and centrality in various heavy ion reactions, can be utilized to locate experimentally the second 
order phase transition and the critical end point of the first order phase transition line in QCD.
INTRODUCTION
T he study  fractal p h en o m en a  w as in itia ted  in  h ig h  energy  p artic le  and n u c lea r ph y sics 
by  B ia las  and  P eschansk i in  ref. [1], w ith  th e  m otiv a tio n  o f  search ing  fo r a second  o rder 
phase  tran s itio n  by  s tudy ing  in term itten cy  o r th e  th e  pow er-law  b eh av io r o f  m o m en ts  o f  
th e  m u ltip lic ity  d istrib u tio n  in  narrow ing  b in s  o f  th e  m o m en tu m  space, see refs. [2, 3] 
fo r exce llen t rev iew s on th is  topic.
T he m athem atica l p ro p erties  o f  B o se-E in ste in  co rre la tio n  fu n c tio n s fo r  L évy  stable 
sources w ere  w ritten  up  by  th ree  o f  u s in  refs. [4, 5], and  are recap itu la ted  in  th e  nex t 
section. In  ref. [6] w e  have added  a p hysical in te rp re ta tio n  and  show ed, th a t in  case o f  
je t  physics, th e  fractal p ro p erties  o f  Q C D  cascades can  n a tu ra lly  b e  m easu red  by  the  
L évy  index  o f  s tab ility  o f  th e  B o se-E in ste in  co rre la tio n  functions. O u r ana ly tic  resu lts  
w ere  s im ila r in  sp irit to  th e  num erical investiga tions o f  W ilk  and  co llab o ra to rs  in  ref. [7]. 
N o te  th a t th ese  co rre la tions are freq u en tly  referred  to  as H an b u ry  B row n  - Tw iss o r H B T  
co rre la tions in  th e  lite ra tu re  o f  heavy ion  physics.
B ia las  realized , th a t B o se-E in ste in  co rre la tions and  in term itten cy  m ig h t b e  deeply  
connected  [8], and  con sid ered  a d istrib u tio n  o f  G aussians w h ere  th e  rad ius p aram ete r 
o f  th e  G aussian  has a pow er-law  d istribu tion , th u s  g iv ing  a w ay  to  th e  study frac ta ls  in  
coo rd ina te  space w ith  th e  help  o f  B o se-E in ste in  corre la tions. B rax  and P eschansk i w ere  
th e  firs t to  in tro d u ce  L évy  d istribu tions, in  m o m en tu m  space, to  m u ltip a rtic le  p rod u c tio n  
in  h ig h  energy  p h y sics  [9]. T hey  have suggested  to  u se  th e  m easu red  v a lu e  o f  th e  L évy  
index  o f  s tab ility  to  signal quark  g lu o n  p lasm a p ro d u c tio n  in  heavy  ion  physics. H ere  w e 
reco n n ec t th ese  seem ing ly  d ifferen t top ics, and  show  ho w  th e  exc ita tion  fu n c tio n  o f  the  
shape p aram eter o f  th e  co rre la tio n  fu n c tio n  can  b e  u tilized  to  lo ca te  experim en ta lly  the  
critica l en d -p o in t o f  Q C D .
BOSE-EINSTEIN CORRELATIONS & LÉVY STABLE SOURCES
T he tw o -p a rtic le  B o se-E in ste in  co rre la tio n  fu n c tio n  is defined  w ith  th e  help  o f  th e  tw o- 
p artic le  and  s in g le-p artic le  invarian t m o m en tu m  d is trib u tio n s  as:
r  (. ,r \ A £ (k i,k 2) m
2( h  2) M ( k i ) M ( k 2) '  ( )
I f  lo n g -ran g e  co rre la tio n s can  b e  neg lec ted  o r co rrec ted  for, and  i f  th e  sho rt-range co r­
re la tio n s are  d o m in ated  by  B o se-E in ste in  corre la tions, th is  tw o -p a rtic le  B ose-E in ste in  
co rre la tion  fu n c tio n  is re la ted  to  th e  F o u rier-tran sfo rm ed  source d istribu tion . F o r clarity, 
le t u s co n sid er th e  case o f  a o ne-d im ensiona l, fac to rized  source,
S (x , k ) =  f ( x )  g ( k ) . (2)
In  th is  case [4, 5], th e  B o se-E in ste in  co rre la tio n  fu n c tio n  is
C2 (k1 j k2) =  1 +  1 f (Ç) |2 , (3)
w h ere  th e  F o u rie r tran sfo rm ed  source density  (o ften  referred  to  as th e  ch a ra c teris tic  
fu n c tio n )  and  th e  re la tive m o m en tu m  are defined as
f ( q )  =  J  d x e x p (iqx) f ( x ) ,  q  =  k 1 -  k 2. (4)
F o r th e  case o f  th e  je ts  decay ing  to  je ts  to  je ts  and  so on, as w ell as at a second  order 
phase  tran sitio n , w h ere  fluc tua tions ap p ear on  all p o ssib le  scales w ith  a pow er-law  ta iled  
d istribu tion , th e  final p o sitio n  o f  a p a rtic le  is g iven  by  a large  n u m b er o f  p o sitio n  shifts, 
hence  th e  d istrib u tio n  o f  th e  final p o sitio n  x  is ob ta in ed  as a convolu tion ,
x  =  X x i j f ( x )  =  [ n n=1dxin "= 1  fj (xj ) d ( x -  X x k). (5) 
i=1 J k=1
In  th e  case  o f  partic le  em issio n  from  Q C D  je ts , th a t th e  fracta l defin ing  th e  partic le  
em issio n  is in fra red  stable: add ing  one m ore, very  so ft g lu o n  does n o t change th e  re su lt­
ing  source d istribu tions. A  sim ilar p roperty  ho ld s fo r system s at a second  o rder phase  
transition : th e  system  b eco m es invarian t u n d e r a ren o rm aliza tio n  g roup  transfo rm ation . 
B o se-E in ste in  co rre la tio n  fu n c tio n s fo r such  partic le  em ittin g  sources w ere  evaluated  
recen tly  by  th ree  o f  us, w h ich  w e  sum m arize  here  fo llo w in g  refs. [4] and  [5].
V arious fo rm s o f  th e  C entral L im it T heorem  state, th a t u n d e r certa in  cond itions, the  
d istrib u tio n  o f  th e  sum  o f  large n u m b er o f  ran d o m  v ariab les  converges (fo r n  ^  » ) t o a  
lim it d istribu tion . In  case o f  “norm al"  e lem en tary  p rocesses, th a t have fin ite  m ean s and 
v ariances, th e  lim it d is trib u tio n  o f  th e ir  sum  is a G aussian . In  case  o f  ran d o m  m o tio n  in  
a therm al m ed ium , such p o sitio n  d is trib u tio n  co rresponds to  norm al d iffusion. H ow ever, 
n ea r a second  o rd e r p h ase  tran sitio n  poin t, f luc tua tions ap p ear on  all scales and  the  
v ariance  o f  th e  e lem en tary  p ro cess d iverges, co rresp o n d in g  to  th e  so -called  anom alous 
d iffusion . In  th is  case, th e  system  still m ay  b e  invarian t u n d e r convolu tion , and  th e  shape 
o f  th e  lim it d is trib u tio n  b eco m es in d ep en d en t from  th e  n u m b er o f  e lem en ta ry  steps.
f(s) Levy sources
Figure 1. (left) Source functions for univariate symmetric Lévy laws, as a function o f  the 
dimensionless variable s =  r /R ,  for various values o f  the Lévy index o f  stability, a . (right) 
Bose-Einstein correlation (or HBT) correlation functions for univariate symmetric Lévy laws, 
for a fixed scale param eter o f  R  =  0.8 fm and various values o f  the Lévy index o f  stability, a .
S tab le d istrib u tio n s are p rec ise ly  th o se  lim it d istrib u tio n s th a t can  o ccu r in  G en era l­
ized  C entral L im it theo rem s. T h e ir study w as b eg u n  by  th e  m ath em atic ian  Paul L évy  
in  th e  1920’s. T he stab le  d istrib u tio n s can  b e  g iven  in  te rm s o f  th e ir  charac te ristic  fu n c ­
tions, as th e  F o u rie r tran sfo rm  o f  a convolu tion  is a p ro d u c t o f  th e  F ourier-transfo rm s,
f ( q) =  n  f ' ( q)j 
i=1
(6)
and  lim it d istrib u tio n s ap p ear w h en  th e  convo lu tion  o f  one m o re  e lem en tary  p rocess 
does n o t change th e  shape o f  th e  lim it d istribu tion , b u t it re su lts  on ly  in  a m od ification  
o f  th e  p aram eters  o f  th e  lim it d istribu tion . T he ch arac te ris tic  fu n c tio n  o f  un ivaria te  and 
sym m etric  s tab le  d istrib u tio n s is
f ( q) =  exp ( iqb -  |g q | a ) , (7)
w h ere  th e  su pport o f  th e  density  fu n c tio n  f ( x )  is ( - ¥ ,  ¥ ) .  D eep  m athem atica l resu lts  
im p ly  th a t th e  index  o f  stability , a ,  satisfies th e  inequality  0 <  a  <  2, so th a t the  
source d is trib u tio n  b e  alw ays positive . T hese  L év y  d is trib u tio n s are in d eed  stab le  u n d er 
convolu tions, in  th e  sense o f  th e  fo llo w in g  re la tions:
f j (q) =  e x p (iqò j - | Y / ? r ) ,
I a  =  X g a ,
= 1
n  f i (q) =  exp (q S  -  |g q | a ) , (8) 
i=1
S =  X Si • (9)
i=1
T hus th e  B ose-E in ste in  co rre la tio n  fu n c tio n s fo r un i-varia te , sym m etric  stab le  d is tri­
bu tio n s (a fte r a co re-ha lo  correc tion , and  a re -sca lin g ) read  as
C(q; a )  =  1 + 1 exp ( - |q R |a ) (10)
R efs. [4] and  [5] d iscuss fu rth e r exam ples and  deta ils  and  g en e ra lize  th ese  resu lts  to  
th ree  d im ensional, h y d ro d y n am ica lly  expand ing , co re-h a lo  ty p e  sources, as w ell as to  
th ree -p artic le  correlations.
s
THE ANOMALOUS DIMENSION OF QCD JETS AND BE/HBT
In  Q C D , je ts  em it je ts  th a t em it add itional je ts  and  so on. T he re su ltin g  fractal structu re 
o f  Q C D  je ts  w as re la ted  to  in term itten cy  and  pow er-law  dep en d en ce  o f  m u ltip lic ity  
m o m en ts  on th e  b in -s ize  in  m o m en tu m  space w ith  th e  help  o f  a beau tifu l g eo m etric  
in te rp re ta tio n  o f  th e  co lo r d ipo le  p ic tu re  in  refs. [10, 11, 12], and an  in fra red  stable 
m easu re  on  th e  p a rto n  states, re la ted  to  th e  h ad ro n ic  m u ltip lic ity  d istribu tion . T hese 
ideas w ere  developed  fu rth e r in  refs. [13, 14, 15], [16] as w ell as in  refs. [17, 18].
Figure 2. The phase-space o f  QCD jets in the (y, k) plane, where k  =  log(k2). (a) The phase 
space available for a gluon emitted by a high energy qq system is a triangular region in the (y. k) 
plane. (b) I f  one gluon is emitted at (y1; k 1 ), the phase space for a second (softer) gluon is given 
by the area o f  this folded surface. (c) The total gluonic phase space can be described by this 
multifaceted fractal surface [10, 11, 12].
A  h igh  energy  q q  system  rad ia tes g luons acco rd ing  to  th e  d ipo le  fo rm u la
3 a s d k 2,
dn=^  ~¿rdyd^  (n )
hen ce  th e  p h ase -sp ace  fo r th e  em issio n  o f  a g lu o n  is g iven  b y  th e  re la tion
|j | <  ^ l n ( s / 4 ) ,  (12)
w h ich  co rresponds to  th e  trian g u la r reg ion  in  a (y  ln k ^ ) d iag ram  as show n in  F ig. 2 
(a). I f  tw o  g lu o n s are em itted , th en  th e  d is trib u tio n  o f  th e  h ard est g lu o n  is desc ribed  by 
eq. (11). T he d istribu tion  o f  th e  second, softer, g luon  co rresponds to  tw o  d ipo les, the  
first is stre tched  b e tw een  th e  quark  and  th e  first g luon , and  th e  second  b e tw een  th e  first 
g lu o n  and  th e  an ti-quark . T he p h ase -sp ace  availab le  fo r th e  second  g luon  co rresponds 
to  th e  fo ld ed  surface in  F ig . 2 (b), w ith  th e  co n stra in t k ^  2 <  k ^  1, as th e  first g luon  is 
assu m ed  to  b e  th e  h ard est one. T h is p ro ced u re  can b e  g en era lized  so th a t th e  em ission  
o f  a th ird , still so fte r g lu o n  co rresponds to  rad ia tio n  from  th ree  co lo r d ipoles, w ith  n  
g lu o n s em itted  already  th e  em issio n  o f  th e  n  +  1-th g lu o n  is g iven  by  a chain  o f  n  +  1 
d ipoles. T hus, w ith  m any  g luons, th e  g luon ic  ph ase  space can  b e  rep resen ted  b y  a m u lti­
face ted  surface as illu s tra ted  in  F ig. 2 (c). E ach  g lu o n  adds a fo ld  to  th e  surface, w h ich  
increases th e  p h ase -sp ace  fo r so fte r g luons. (N ote, th a t in  th is  p ro cess th e  reco ils  are 
neg lec ted , as is no rm al in  lead in g  log  approx im ation ). D u e  to  its itera tive  natu re , the  
p rocess g en era tes  a K och -ty p e  fractal curve at th e  base-line . T he leng th  o f  th is  b ase -lin e  
o f  th e  parto n ic  s tructu re  on F ig u re  2 (c) is p ro p o rtio n al to  th e  p artic le  m ultip licity . T his
curve is longer, w h en  stud ied  w ith  h ig h er reso lu tion : it is a fractal curve, em b ed d ed  in to  
th e  fo u r-d im ensiona l energ y -m o m en tu m  space, charac te rized  by  th e  fractal d im en sio n
( i3 )
or one p lus th e  an o m alo u s d im en sio n  o f  Q C D  [10, 11, 12]. W ith  th e  help  o f  th e  L u n d  
string  frag m en ta tio n  p icture , th is  fractal in  m o m en tu m  space is m ap p ed  in to  a fractal in  
co o rd in a te  space, and  th e  co n stan t o f  conversion  is th e  h ad ro n ic  string  tension , k  «  1 
G eV /fm . T h is m ap p in g  does n o t change th e  fractal p ro p erties  o f  th e  curve.
A  w alk , w h ere  th e  len g th  o f  th e  steps is g iven  by  a L évy  d istribu tion , and  th e  d irec tion  
o f  th e  steps is random , co rresp o n d s to  a fractal curve, in  physica l te rm s it can  be  
in te rp re ted  as th e  pa th  o f  a te s t p a rtic le  p erfo rm in g  a g en e ra lized  B ro w n ian  m otion . This 
m o tio n  is re ferred  to  as ano m alo u s d iffusion  and  th e  p ro b ab ility  th a t th e  te s t p artic le  
d iffuses to  d istances r  g rea te r th an  a certa in  v a lu e  o f  |s| is g iven  by  P (r  >  |s |)  -  | s | - a  
T his re la tio n  is v a lid  fo r ano m alo u s d iffusion  in  any d im ensions. T hus th e  L év y  index  
o f  s tab ility  a  is th e  fractal d im en sio n  o f  th e  tra jec to ry  o f  th e  co rresp o n d in g  anom alous 
d iffusion  [19]. W h en  w e  app ly  th is  re su lt to  Q C D , th ere  are tw o  key considerations.
F irst, i f  g lu o n  rad ia tio n  is neg lec ted , th e  qq  system  h ad ro n izes  as a 1+1 d im ensional 
had ro n ic  string, w h ich  has no  fractal structure. I f  th e  g lu o n  em ission  is sw itched  on, the  
em ission  o f  g lu o n  n  from  one o f  th e  n  d ipo les co rresponds to  a step  o f  an  anom alous 
d iffusion  in  th e  p lan e  tran sv e rse  to  th e  g iven  d ipole. H en ce  th e  ano m alo u s d im en sio n  o f  
Q C D  equals  to  th e  L évy  index  o f  stab ility  o f  th is  ano m alo u s d iffusion ,
Second, data  on  B o se-E in ste in  corre la tio n s are  o ften  d e term in ed  in  te rm s o f  th e  invarian t 
m o m en tu m  d iffe rence Q nv =  — p i ) 2 - B o se-E in ste in  co rre la tio n  fu n c tio n s th a t
depend  on th is  invarian t m o m en tu m  difference can  b e  o b ta in ed  w ith in  th e  fram ew ork  o f  
th e  so -called  t-m o d e l. T h is m odel assum es a b ro ad  p ro p er-tim e d istribu tion , H ( t )  and 
very  strong  co rre la tions b e tw een  coord ina te  and  m o m en tu m  in  all d irec tions, x H /t — 
p p /m t ) .  H en ce  (x 1 -  X2 ) ( p  -  p2) — t C .  see refs. [20, 21] fo r  details. In  th is  case, 
th e  B o se-E in ste in  co rre la tio n  fu n c tio n  m easu res th e  F o u rier-tran sfo rm ed  p rop er-tim e 
d istrib u tio n  H i n  th e  fo llow ing , u n u su al m anner:
Q(Qnv) -  1 + XReH2 > (15)
w h ere  m^t) s tands fo r th e  (transverse) m ass  o f  th e  p a ir fo r (tw o)- o r m o re  je t  events. 
F ro m  th is  re la tio n  it fo llow s, th a t ObEC =  2 a Lévy. T hus w e  find th e  fo llo w in g  re la tionsh ip  
b e tw een  th e  ru n n in g  Q C D  cou p lin g  co n stan t a s and  th e  ex ponen t o f  an  invarian t re la tive 
m o m en tu m  d ep en d en t B o se-E in ste in  co rre la tio n  fu n c tio n  a BEC:
« 5 = g O C -  (16)
In  ref. [6] w e  have com pared  th is  lead in g  log  re su lt to  N A 22  and  UA1 co rre la tio n  data  
o f  refs. [22],[23] and  fo u n d  a reaso n ab le  ag reem en t w ith  th ese  data.
BOSE-EINSTEIN CORRELATIONS AT A SECOND ORDER QCD 
PHASE TRANSITION
T he m ain  m otiv a tio n  b eh in d  th e  experim en tal and  th eo re tica l p rog ram  o f  h ig h  energy 
p hysics is to  study  th e  p hase  d iagram  o f  h o t and  dense  h ad ro n ic  m atter. A cco rd in g  to  re ­
cen t la ttice  Q C D  ca lcu la tio n s at fin ite tem p era tu re  and  b ary o n  density , th ere  ex ist a line 
o f  first o rd e r p h ase  tran sitio n s  th a t separates th e  h ad ro n ic  and  th e  qu ark -g lu o n  p lasm a 
(Q G P) state. T h is  line  o f  th e  first o rder phase  tran sitio n s ends at th e  critica l en d -po in t 
(C E P), w h ere  th e  tran sitio n  from  hadron  gas to  Q G P  b eco m es a second  o rd e r phase  tran ­
sition. R ecen t la ttice  Q C D  ca lcu la tio n s lo ca ted  [24] th is  C E P  at Te  =  162 ±  2 M eV  and 
He  =  360 ±  40  M eV  B elo w  th ese  b ary o ch em ica l values, th e  tran s itio n  from  a h ad ron  gas 
to  a Q G P  b eco m es a cross-over, and  at v an ish in g  n e t b ary o n  density  th e  critica l tem p er­
atu re b eco m es Tc =  164 ±  2 M eV  (the errors are  statistica l only). In  th is  ca lcu la tion , the  
q u ark  m asses w ere  already  at th e  physical value, b u t th e  co n tinuum  ex trap o la tio n  w as 
m issing . S. K a tz  p resen ted  im p ro v em en ts  at th e  Q u ark  M atte r 2005 conference  [25], 
u s in g  p hysical quark  m asses and  w o rk in g  tow ards th e  co n tinuum  ex trapo la tion . H e  re ­
p o rted  Tc =  189 ±  8 M eV  fo r th e  critica l tem p era tu re  at h b  =  0.
A t th e  CEP, th e  second  o rd e r p hase  tran sitio n  is charac te rized  by  th e  fixed  p o in t 
o f  th e  ren o rm aliza tio n  g roup  transfo rm ations. In  a quark -g lu o n  p lasm a, th e  vacuum  
ex p ecta tio n  v a lu e  o f  th e  q u ark  condensa te  c  =  {qq} v an ish es  , w h ile  in  th e  h ad ro n ic  
phase , th is  vacuum  ex p ecta tio n  va lu e  b eco m es non-zero . T he co rre la tio n  fu n c tio n  o f  
th e  o rd e r p a ram ete r is defined as p (R ) =  {c (r  +  R )c (r )}  — ( c ) 2  and m easu res th e  spatial 
co rre la tio n  b e tw een  th e  p ions. A t th e  CEP, th is  co rre la tio n  fu n c tio n  decays as
p (R ) — R - ( d—2+h ), (17)
a pow er-law . T he p aram ete r h  is ca lled  as th e  ex ponen t o f  th e  co rre la tio n  function .
F o r L év y  stab le  sources, co rresp o n d in g  to  an  ano m alo u s d iffusion  w ith  large flu c tu a­
tio n s  in  co o rd in a te  space, th e  co rre la tio n  b e tw een  th e  in itia l and  actual p o sitio n s decays 
also  as a pow er-law , w h ere  th e  ex p o n en t is g iven  by  th e  L év y  index  o f  stab ility  a  as
p(R ) — R - ( 1+a). (18)
A s w e  are co n sid erin g  a Q C D  p h ase  tran sitio n  in  a d  =  3 th ree -d im en sio n al coo rd ina te  
space w e  find  th a t th e  co rre la tio n  ex ponen t equals  to  th e  L évy  index  o f  stability , a  =  h- 
S tephanov, R ajagopa l and  S huryak  p o in ted  ou t [26], th a t th e  u n iv ersa lity  class o f  the  
second  o rd e r Q C D  p h ase  tran sitio n  is th a t o f  th e  3d  Is in g  m odel. F o r th is  un iv ersa lity  
class, th e  co rre la tio n  ex p o n en t has b een  de term ined  by  R ieg er [27] as
a (L é v y )  =  h ( 3 d  Ising) =  0 . 5 0 ±  0 .05 . (19)
F ig . 1 in d ica tes  th a t th e  change in  th e  shape o f  th e  co rre la tio n  fu n c tio n  is ra th e r s ig n if­
ican t, i f  a  d ecreases from  its G aussian  va lu e  o f  2 to  0.5, its  ch arac te ris tic  va lu e  at the  
2nd  o rder Q C D  phase  tran s itio n  point. F ig . 3 illu stra te s  ho w  th is  shape p aram ete r o f  
th e  B o se-E in ste in  co rre la tio n  fu n c tio n  m ay  depend  on  th e  re la tive  tem p era tu re  n ea r the  
critica l po int. H en ce  study ing  th e  sh a p e  p aram ete r o f  th e  tw o -p a rtic le  B o se-E in ste in  or 
H B T  co rre la tio n  fu n c tio n s as a fu n c tio n  o f  th e  b o m b ard in g  energy  o r th e  cen tra lity  o f
th e  heavy  ion  co llis ions, a p rev iously  u n k n o w n  too l is ob ta in ed  to  de term ine  i f  th e  p ions 
are em itted  from  th e  n e ig h b o rh o o d  o f  th e  critica l end  p o in t o f  th e  Q C D  p h ase  d iagram .
F urtherm ore , b ased  on  an u n iversa lity  class argum ent, w e  have de term ined  th a t the  
second  o rder Q C D  phase  tran sitio n  at th e  critica l end  p o in t w ill b e  s ignaled  w ith  the  
v a lu e  o f  a  =  0.5 , a very  spiky B ose-E in ste in  co rre la tio n  fu n c tio n  indeed.
Levy index of stability
t
Figure 3. Illustration o f  the behavior o f  the Lévy index o f  stability o f  Bose-Einstein correlations 
as a function o f  the dimensionless temperature variable t  =  ( T  — Tc) /T c in the neighborhood o f 
the critical endpoint o f  the 1st order phase transition line in QCD. A t the critical endpoint, the 
phase transition becomes 2nd order and the Lévy index o f  stability decreases to the correlation 
exponent o f  QCD. As this transition has the same universality class as that o f  the 3d Ising 
model, one expects a decrease from the a  æ  2 values that are characteristic to a Boltzmann 
gas and normal diffusion to a  =  0.5, corresponding to the correlation exponent o f  QCD at the 
critical endpoint. As shown in Fig. 1, such a change in the shape param eter makes the Bose­
Einstein correlation functions m uch sharper than a simple Gaussian, so the spiky structure o f  the 
correlation function could be used to search for this point experimentally.
CONCLUSIONS
W e have recap itu la ted  ea rlie r resu lts  th a t ind icate , th a t th e  general shape o f  th e  B o se ­
E in s te in  o r H B T  co rre la tio n  fu n c tio n s  is a stre tched  exponen tia l o r L évy  stab le  form , 
w h ere  th e  L év y  index  o f  s tab ility  b eco m es a new  shape p aram ete r o f  th e  co rre la tion  
fu n c tio n  w ith  0 <  a  <  2 and  th e  p o p u la r G aussian  param ete riza tio n  co rresp o n d s to  the  
a  =  2 particu lar, specia l case. T hen  w e  have stud ied  tw o  p h y sica lly  in te re stin g  exam ples.
In  case  o f  p a rtic le  em issio n  from  je ts , w e  have recap itu la ted  th e  co n n ectio n  b e tw een  
th e  stab ility  index  o f  th e  B o se-E in ste in /H B T  co rre la tio n  fu n c tio n s and  th e  runn ing  
cou p lin g  co n stan t o f  Q C D .
W e have also  con sid ered  a scenario , w h en  th e  pow er-law  tail o f  a L évy  d istrib u tio n  o f  
th e  p artic le  em issio n  in  the coord ina te  sp a ce  appears due to  a seco n d -o rd er Q C D  phase
transition . In  th is  case, th e  L évy  in d ex  o f  stab ility  o f  th e  B o se-E in ste in  o r H B T  co rre ­
la tio n  fu n c tio n  w as show n to  b e  equal to  th e  co rre la tio n  ex p o n en t o f  Q C D . T h is value  
is k now n  to  b e  0.5 ±  0 .05  from  un iv ersa lity  class considerations. H en ce  by  m easu rin g  
th e  exc ita tion  fu n c tio n  o f  th e  L évy  in d ex  o f  stab ility  (the  shape p aram ete r o f  th e  tw o- 
partic le  B o se-E in ste in  o r H B T  co rre la tio n  func tions), one can  experim en ta lly  de term ine  
th e  b o m b ard in g  energy  and  cen tra lity  ran g e  w h ere  a heavy  ion  co llis io n  h its  th e  critical 
end  p o in t o f  Q C D . C learly , m o re  w o rk  is n ecessary  to  check  to  w h a t ex ten t th is  in te re st­
ing  effec t can  b e  m ask ed  by  th e  decays o f  v ario u s  resonances, h y d ro d y n am ic  expansion , 
and  by  th e  tim e  evo lu tion  o f  th e  partic le  em ittin g  source b e tw een  th e  second  o rder phase  
tran sitio n  p o in t and  th e  freeze-o u t tem peratu re .
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